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Experiment of Mortessagne et al (INPHYNI) 2/39
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Two-level atom 3/39

Figure 3.

For one atom, the two-level system hamiltonian can be written as:
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Our model 4/39

Figure 4.



Our Hamiltonian 5/39
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H can be seen as a function of three parameters:

� �AB=(!0B¡!0A)/2¡0 (Frequency detuning) ! inversion symmetry breaking

� �B= �B/¡0 (Zeeman shift) ! time reversal symmetry breaking

� k0a=(!0/c)a (Spacing)

But I must insist on the following:

� No nearest-neighbour model

� No crystal (no �bonds� between sites)

� Sites B and magnetic field B are two unrelated things

� H is non-hermitian
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Our Brillouin zone 6/39

Figure 5.



Band diagram 7/39

Figure 6.





Width of the gap 8/39

Figure 7.



Animation



Topology 10/39

Figure 8. Classification of objects globally



Localisation on sites A 11/39

Figure 9.



Strong hints for topology 12/39
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Figure 10. Localization on sites A



Closing the gap: another hint 13/39
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For one band!

We define for the gap:

Cgap=
X

n<gap

Cn

Computing the Chern number confirms the topological behaviour. Animation



Chern number 14/39

Figure 11.



Introducing disorder 15/39

Figure 12.



Can we avoid using magnetic field ?



Deforming the cell 17/39

Figure 13. Animation



Deforming the cell 18/39
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Folding in the Brillouin space 19/39

Figure 15. Animation



Gaps in the six-cell 20/39
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Tight-binding 21/39

Figure 17.

� Scheme for Achieving a Topological Photonic Crystal by Using Dielectric Material �
Long-Hua Wu and Xiao Hu

� Two-Dimensionally Confined Topological Edge States in Photonic Crystals � Barik et
al



SPDF 22/39

Figure 18. Taken from Wu et al



Tight-binding 23/39

Figure 19.



Spin Chern number 24/39
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Figure 20.



Topology in the six-cell 25/39

Figure 21.

Bien expliquer que ici les exciations ont des orientations en espace, comme au début



Conclusion 26/39

� Similar phenomena to the QHE or the QSHE have been recreated in photonic systems.

� The existence of a TAI has been demonstrated in the phononic context.

� A complete description of the gap in a honeycomb lattice system with a magnetic field and
two types of sites, A and B, can be provided.

� We provided a theoretical background for the experiments conducted in Nice.



Questions ?



Invariance of scale 28/39

Figure 22.



Hamiltonian of the system 29/39

The hamiltonian of the atomic subsystem can be written as:

H = ~
X
n=1

N X
�n=��;0

�
!0+ �!0

(A;B)+ sgn(�n)�BB¡ i
¡0
2

�
j�nih�nj

+ 3�~¡0
k0

X
n=/m

N X
�n;�m=��;0

G��(rn¡ rm)j�nih�mj

With:

� N the number of identical two-levels atoms.

� !0+ �!0
(A;B) resonance frequency of atoms of the sublattice A or B

� B the static magnetic field

� G�� the dyadic Green's function describing the coupling of atoms by EM waves

� � reprents the three polarisations � in the plane and 0 perpendicular



Matrix representation of H 30/39

We define a 3N � 3N dimensionless matrix G made of 3� 3 blocks:

Gmn= �mn(i� 2�AB¡ 2��B)13�3+(1¡ �mn)degAmndeg
y

With:

� �AB=(�!0B¡ �!0A)/2¡0
� �B= �B/¡0 and � is ¡1,1, and 0 for the three diagonal elements.

� deg is a transformation matrix to go from cartesian to polar coordinates

And:

Amn=(1¡ �mn)
3
2
eik0r

k0r

�
P (i k0r)1+Q(i k0r)

rmn
 rmn

rmn
2

�
Where:

� k0=!0/c

� rmn= rm¡ rn

� P (x)= 1¡ 1/x+1/x2 and Q(x)=¡1+3/x¡ 3/x2



An eigenproblem 31/39

The problem is now to solve:

GY =�Y

where Y are the quasimodes of the atomic system with eigenfrequencies !=!0¡ ¡0
2
<(�) and

decay rates ¡=¡0=(�).

Using periodicity of the lattice and restricting ourselves to TE modes (Bloch theorem):

Yn=  (k)eik�rn

Transforms the problem into:

M (k)=� (k)

Where M is a 4� 4 matrix:

M =

0BBBBBB@
S1
�+�+ S1

�+�¡ S2
�+�+ S2

�+�¡

S1
�¡�+ S1

�¡�¡ S2
�¡�+ S2

�¡�¡

S3
�+�+ S3

�+�¡ S4
�+�+ S4

�+�¡

S3
�¡�+ S3

�¡�¡ S4
�¡�+ S4

�¡�¡

1CCCCCCA



Going to Fourier space 32/39

and:

S1
�� =

X
rm2A

GAA
�� (rm)eik�rm

S2
�� =

X
rm2A

G��(rm+ a1)eik�rm

S3
�� =

X
rm2A

G��(rm¡ a1)eik�rm

S4
�� =

X
rm2A

GBB
�� (rm)eik�rm

We stress that here:

GAA(0) =
�
i+2�AB+2�B 0

0 i+2�AB¡ 2�B

�
GBB(0) =

�
i¡ 2�AB+2�B 0

0 i¡ 2�AB¡ 2�B

�



Going to Fourier space 33/39

We can simplify these sums using Poisson summation formula:

X
rm2A
rm=/ 0

G��(rm)eik�rm = 1
A
X

gm2A
0

g��(gm¡k; 0)¡G��(0)

where A= 3 3
p

2

1

a2
is the area of the Brillouin zone and g=F(G) and thus:

g��(q; r0)=
(k02 ���¡ q�q�)

2�k02
eiq�r0

Z
1

k0
2¡q2¡ qz2

dqz

To ensure convergence of this integral we introduce a gaussian cut-off :

g��
� (q; r0)= (k02 ���¡ q�q�)

2�k02
eiq�r0

Z
e¡aho

2 (q2+qz2)/2

k0
2¡q2¡ qz2

dqz

Topological Quantum Optics in Two-Dimensional Atomic Arrays, PRL 119, J. Perczel,
and M. D. Lukin



Going to Fourier space 34/39

Which can be expressed in a closed form:

g��
� (q; 0)= (���k02¡ q�q�)I(q)

With:

I(q) = �(q) �
�(q)

(¡i+ erfi(aho�(q)/ 2
p

))

�(q) = 1
2�k02

e¡(k0aho)
2/2

�(q) = k0
2¡ q2

p
And similarly we can compute G��

� (0) as the inverse Fourier transform of g��
� (q; 0) where q=0

G��
� (0)= k0

6�

 
erfi(k0aho/ 2

p
)¡ i

ek0
2aho
2 /2

¡ ¡1/2+ (k0 aho)2

�/2
p

(k0aho)3

!
���



Adding plates 35/39

Figure 23.

� Conforms to experiment

� Makes our model hermitian



Adding plates 36/39

Method of images:

g��
� (q; 0)= (���k2¡ q�q�)
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Band diagram for d=/ 0 37/39
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Width of the gap: a formula 38/39

A compact formula

Wgap = 2jj�Bj ¡ j�AB jj if 0<j�Bj<R1
= 1

2
(c0¡ c1+S ¡ j�AB j) if R1<j�Bj<R2

= ¡2j�Bj+S if R2<j�Bj<R3
= 0 elsewhere

Where:

S = 2Re

 
4�AB2 + 1

4
(c2+ i c3)2

r !

R1 = 1
4
(c0¡ c1+S+2j�AB j)

R2 = 1
4
(c0¡ c1+S ¡ 2j�AB j)

R3 = S/2

c0,c1 and c2 are elements of the matrix M(k) and they only rely on k0a, the width of the gap
is dependant of three parameters: �B ,�AB and k0a.



Spin Chern number (evil technical details) 39/39

H!H 0=P�P

Where P projects on eigenstates below the gap and:

�= diag(0; 1;¡1; 1;¡1; 0)

Then:

C�=
1
2�i

ZZ
BZ
F12
�(k)

And:

Cs=
1
2
(C+¡C¡)
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